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Abstract
Recently, the P1-nonconforming finite element space over square meshes has been
proved stable to solve Stokes equations with the piecewise constant space for velocity and
pressure, respectively. In this paper, we will introduce its locally divergence-free subspace
to solve the elliptic problem for the velocity only decoupled from the Stokes equation. The
concerning system of linear equations is much smaller compared to the Stokes equations.
Furthermore, it is split into two smaller ones. After solving the velocity first, the pressure
in the Stokes problem can be obtained by an explicit method very rapidly.
1 Introduction
A divergence-free vector field frequently appears in various mathematical and engineering
problems such as an incompressible flow in the Navier-Stokes equation or a solenoidal magnetic
induction in the Maxwell equations or the limit of displacements in elasticity equations when
Poisson’s ratio goes to 1/2.
An incompressible Stokes problem can be reduced to an elliptic problem for the velocity
only in the divergence-free space [4, 9, 17]. The locally divergence-free subspace of [CR]2
was used for finite element methods to solve that elliptic problem [4, 20], where CR is the
Crouzeix-Raviart P1-nonconforming finite element space on triangular meshes. It have also
been adopted for the time-harmonic Maxwell equations [3].
It contains enough interpolants to approximate continuous divergence-free functions in
[H2]2, since it can be interpreted as the curl of the Morley element. If the domain is simply
connected in R2, its dimension is the number of interior vertices and edges [10, 20], which is
about two third of that of [CR]2.
A conforming locally divergence-free space whose elements are piecewise linear can be
constructed with the curls of C1-Powell-Sabin elements on triangular meshes for biharmonic
problems [18]. We can find how to construct the locally divergence-free subspace for various
finite element spaces [21, 22]. Instead of working with divergence-free spaces, some researchers
have developed finite element methods for Stokes equations whose velocity solutions are re-
sulted divergence-free [12, 23] as well as locally divergence-free discontinuous Galerkin methods
[6, 7], multigrid methods [2] and isogeometric analysis [5, 8].
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2 C. Park
In this paper, we are interested in the locally divergence-free subspace of [NC]2, the P1-
nonconforming finite element space on square meshes. The space NC consists of functions
which are linear in each square and continuous on each midpoint of edge [14, 15]. Recently,
it has been proved that [NC]2 is stable to solve Stokes equations with the piecewise constant
space for velocity and pressure, respectively [13].
We will apply the locally divergence-free subspace to solve the elliptic problem for the
velocity only, reduced from the incompressible Stokes problem. The concerning system of
linear equations is much smaller than that of the Stokes equation. Furthermore, if we divide the
squares in the mesh into the red and black squares like a checkerboard, the curl of divergence-
free element has its support in red squares only, otherwise black ones only. Thus, the system
from the elliptic problem is split into two independent smaller ones. After solving the velocity
first, the pressure in the Stokes problem will be obtained by an explicit method very rapidly.
The paper is organized as follows. In the next section the P1-nonconforming finite element
space on quadrilateral meshes will be briefly reviewed. Then, restricted on square meshes, we
will devote section 3 to characterizing its locally divergence-free subspace as well as a basis. In
section 4, the reduced elliptic problem for the velocity and an explicit method for the pressure
in the Stokes problem are stated, respectively. Finally, some numerical tests will be presented
in the last section.
Throughout the paper, CS is a generic notation for a positive constant which depends only
on S.
2 P1-nonconforming quadrilateral finite element
Let Ω be a simply connected polygonal domain in R2 with a triangulation Th which consists
of uniform squares of width and height h as in Figure 1. For a vertex or edge in Th, we call
them a boundary vertex or edge if they belong to ∂Ω, otherwise, an interior vertex or edge.
The P1-nonconforming quadrilateral finite element spaces [14, 15] are defined by
NCh(Ω) = {vh ∈ L2(Ω) : vh|Q ∈< 1, x, y > for all squares Q ∈ Th,
vh is continuous at every midpoints of edges in Th},
NCh0(Ω) = {vh ∈ NCh(Ω) : vh(m) = 0 for all midpoints m of boundary edges in Th}.
Figure 1: Triangulation Th of Ω into uniform squares
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When we assign a value cm for the midpoint m of each edge in Th, there exists vh ∈ NCh(Ω)
such that vh(m) = cm at all midpoints m of edges in Th if and only if
cm1 + cm3 = cm2 + cm4 , (1)
whenever m1, · · · ,m4 are of clockwisely numbered edges of a square Q ∈ Th.
For each vertex V in Th, define a function ψV ∈ NCh(Ω) by its values at all midpoints m
of edges in Th such that
ψV(m) =
{
1, if m belongs to an edge which meets V,
0, otherwise.
(2)
Note ψV ∈ NCh(Ω) is well defined since its values at the midpoints satisfy the condition (1).
Then, we have a basis for NCh0(Ω) as
NCh0(Ω) = Span{ψV ∈ NCh0(Ω) : V is an interior vertex in Th}. (3)
Hence, the dimension of NCh0(Ω) is the number of interior vertices in Th [15, Theorem 2.5].
Define an interpolation pih : H
1
0 (Ω) ∩ C(Ω)→ NCh0(Ω) as
pihv =
∑
V
v(V)
2
ψV, ∀v ∈ H10 (Ω) ∩ C(Ω), (4)
where the summation runs over all interior vertices V in Th. We note pihv satisfies
pihv
(V1 + V2
2
)
=
v(V1) + v(V2)
2
for all adjacent vertices V1,V2 in Th. (5)
Then, the interpolation error is estimated by
‖v − pihv‖L2(Ω) + h|v − pihv|1,h ≤ CΩ h2|v|H2(Ω), ∀v ∈ H10 (Ω) ∩H2(Ω),
where |2|1,h denotes the mesh-dependent discrete H1-seminorm such that
|2|1,h =
∑
Q∈Th
∫
Q
|∇2|2 dxdy
1/2 . (6)
Let Q1,h(Ω) be the conforming piecewise bilinear space over Th as
Q1,h(Ω) = {wh ∈ H10 (Ω) ∩ C(Ω) : wh|Q ∈< 1, x, y, xy > for all squares Q ∈ Th},
with an assumption that ∂Ω consists of segments parallel to x, y-axes. Two lowest order finite
element spaces Q1,h(Ω) and NCh0(Ω) are isomorphic as in the following lemma.
Lemma 2.1. Let pih : Q1,h(Ω)→ NCh0(Ω) be the operator as in (4). Then pih is a bijection.
Proof. Let pihv ∈ NCh0(Ω) vanish at all midpoints of edges in Th for some v ∈ Q1,h(Ω). Then,
v vanishes on each interior edges E in Th which meets ∂Ω, since v is linear on E and vanishes
at the two endpoints of E by (5).
By a sweeping out argument, we conclude that v vanishes on all edges in Th. This means
that pih is a bijection since the dimensions of Q1,h(Ω) and NCh0(Ω) are same as the number of
interior vertices in Th.
4 C. Park
For a vector valued function v = (v1, v2), the component-wise interpolation and discrete
H1-seminorm from (4) and (6) will be used as
Πhv = (pihv1, pihv2), |v|1,h =
(
|v1|21,h + |v2|21,h
)1/2
.
Let divh , curlh be the mesh-dependent discrete divergence and curl as
(divhv)
∣∣
Q
= div (v|Q), (curlhv)
∣∣
Q
= curl (v|Q), ∀Q ∈ Th.
It is well known there is a constant CΩ such that [9]
|v|[H1(Ω)]2 ≤ CΩ(‖divv‖L2(Ω) + ‖curlv‖L2(Ω)), ∀v ∈ [H10 (Ω)]2. (7)
We have a similar result to (7) for [NCh0(Ω)]2 in the following lemma.
Lemma 2.2. For all vh ∈ [NCh0(Ω)]2, we have
|vh|21,h = ‖divhvh‖2L2(Ω) + ‖curlhvh‖2L2(Ω).
Proof. For each wh = (w1, w2) ∈ [Q1,h(Ω)]2, we have, by integration by parts,∫
Ω
w1xw2y dxdy =
∑
Q∈Th
∫
Q
w1xw2y dxdy
=
∑
Q∈Th
∫
∂Q
w1xw2νy ds−
∫
Q
w1xyw2 dxdy = −
∑
Q∈Th
∫
Q
w1xyw2 dxdy,
since νy is nonzero only at the horizontal edges of ∂Q and w1x, w2 are continuous there. The
same argument is repeated to get∫
Ω
w1yw2x dxdy =
∑
Q∈Th
∫
∂Q
w1yw2νx ds−
∫
Q
w1yxw2 dxdy
= −
∑
Q∈Th
∫
Q
w1yxw2 dxdy =
∫
Ω
w1xw2y dxdy.
(8)
Then, from (8), we can establish
|wh|2[H1(Ω)]2 = (w1x, w1x) + (w1y, w1y) + (w2x, w2x) + (w2y, w2y)
= (w1x + w2y, w1x + w2y) + (w2x − w1y, w2x − w1y)
= ‖divwh‖2L2(Ω) + ‖curlwh‖2L2(Ω).
(9)
Now, if vh = (v1, v2) ∈ [NCh0(Ω)]2, there exists wh = (w1, w2) ∈ [Q1,h(Ω)]2 by Lemma 2.1
such that
vi = pihwi, i = 1, 2.
Given square Q ∈ Th, assume that
wi(x, y) = αi + βixˆ+ γiyˆ + δixˆyˆ, i = 1, 2, (10)
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where xˆ = x− c1, yˆ = y − c2 for the center point (c1, c2) of Q. Note∫
Q
xˆ dxdy =
∫
Q
yˆ dxdy =
∫
Q
xˆyˆ dxdy = 0. (11)
By (5), pihxˆyˆ vanishes at all midpoints of edges in Th since the values of xˆyˆ differ only by
their signs at every two endpoints of an edge of Q. It means vi is the linear part of wi so that
vi(x, y) = pihwi(x, y) = αi + βixˆ+ γiyˆ, i = 1, 2. (12)
From (10), (11), (12), we expand that
|wh|2[H1(Q)]2 − ‖divwh‖2L2(Q) − ‖curlwh‖2L2(Q)
=
∫
Q
(β1 + δ1yˆ)
2 + (γ1 + δ1xˆ)
2 + (β2 + δ2yˆ)
2 + (γ2 + δ2xˆ)
2 dxdy
−
∫
Q
(β1 + δ1yˆ + γ2 + δ2xˆ)
2 + (β2 + δ2yˆ − γ1 − δ1xˆ)2 dxdy
=
∫
Q
β21 + γ
2
1 + β
2
2 + γ
2
2 − (β1 + γ2)2 − (β2 − γ1)2 dxdy
= |vh|2[H1(Q)]2 − ‖divvh‖2L2(Q) − ‖curlvh‖2L2(Q).
It completes the proof, since wh satisfies (9).
3 P1- nonconforming divergence-free space
Let Vh be a locally divergence-free subspace of [NCh0(Ω)]2 as
Vh = {vh ∈ [NCh0(Ω)]2 : divhvh = 0}. (13)
Throughout the remaining of the paper, in order to exclude a pathological triangulation
Th such as a ladder or a union of two rectangles whose intersection is merely one square or
edge in Th, we assume that
Assumption 3.1. No square has 4 boundary vertices. No interior edge meets 2 boundary
vertices. If a square has only two boundary vertices, they are the two endpoints of one edge.
Let P0,h(Ω) be a space of piecewise constant functions as
P0,h(Ω) = {qh ∈ L2(Ω) : qh|Q =< 1 > for all Q ∈ Th}.
The value of a function qh ∈ P0,h(Ω) at a square Q ∈ Th will be abbreviated to qh(Q).
For an interior vertex V, let Q1, Q2, Q3, Q4 be the squares in Th which meet V, coun-
terclockwisely numbered from the square whose left bottom vertex is V as in Figure 2-(a).
Using the scalar basis function ψV ∈ NCh0(Ω) in (2), for a vector value (a, b), define a function
ψV[a, b] ∈ [NCh0(Ω)]2 by its values at all midpoints m of edges in Th such that
ψV[a, b](m) =
{
(a, b), if m belongs to an edge which meets V,
(0, 0), otherwise.
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We can easily check that divhψ
V[a, b], curlhψ
V[a, b] ∈ P0,h(Ω) have nontrivial values at only
4 squares in Th, given as in Figure 2-(b), (c),
divhψ
V[a, b](Qj) =

−(a+ b)/h if j = 1,
(a− b)/h if j = 2,
(a+ b)/h if j = 3,
(b− a)/h if j = 4,
(14)
curlhψ
V[a, b](Qj) =

(a− b)/h if j = 1,
(a+ b)/h if j = 2,
(b− a)/h if j = 3,
−(a+ b)/h if j = 4.
(15)
(a) ψV[a, b] (b) divh ψ
V[a, b] (c) curlh ψ
V[a, b]
Figure 2: ψV[a, b] ∈ [NCh0(Ω)]2 and its divergence and curl
3.1 Dimension of Vh
We call a square Q ∈ Th an interior square if it has 4 interior vertices, otherwise, a boundary
square. Let Ih be a set of all interior squares in Th and denote by #Ih the number of its
elements. In the following lemma, #Ih relates with other numbers depending on Th.
Lemma 3.1. Let N (Vi), N (Q) be the numbers of all interior vertices and all squares in Th,
respectively. Then,
#Ih = 2 N (Vi)−N (Q) + 2. (16)
Proof. Let N (Ei) be the number of all interior edges in Th. Note the number of all boundary
vertices, denoted by N (Vb), is same as that of all boundary edges, denoted by N (Eb).
Every squares in Th has 4 edges. When we count them all to make 4N (Q), each interior
edges is done twice whereas each boundary edge is done once. That is,
4N (Q) = 2N (Ei) +N (Eb). (17)
Let kj be the number of all vertices that meet only j squares in Th for j = 1, 2, 3, 4. Then,
k4 = N (Vi) and k2 is the number of boundary vertices that are not corners, while k1, k3
designate those of corners of respective inner angles 90◦, 270◦.
While we count every 4 vertices of a square in Th to make 4N (Q), each vertex V is done
repeatedly by its number of squares which meet V. Thus we have,
4N (Q) = k1 + 2k2 + 3k3 + 4k4. (18)
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From (17) subtracted by (18),
2N (Ei)−N (Vb)− 4N (Vi) + k1 − k3 = 0, (19)
since k1 + k2 + k3 = N (Vb) = N (Eb).
If we paint one boundary square for every one boundary edge, each boundary square that
meets a corner of angle 90◦ is done twice by Assumption 3.1, while each corner of angle 270◦
remains one boundary square unpainted. It means that
N (Q)−#Ih = N (Eb)− k1 + k3. (20)
From (20) added by (19), we obtain (16) through the following Euler formula for simply
connected domain:
N (Q)−N (Ei) +N (Vi) = 1.
The two-color theorem guarantees that the squares in Th can be colored in two colors, if
each interior vertex meets with even number of edges [19, Ch. 15]. Thus, the squares in Th
are grouped into Rh of the red squares and Kh of the black ones so that squares sharing at
least one edge have different colors, as a checkerboard in Figure 3.
Figure 3: Red and black checkerboard in Th
In the following lemma, if two squares have same color, they are connected by a path which
passes only squares of that color and does not meet any boundary vertices. Let
R◦ =
( ⋃
Q∈Rh
Q
)
\ ∂Ω, K◦ =
( ⋃
Q∈Kh
Q
)
\ ∂Ω.
Lemma 3.2. R◦ is path-connected and so is K◦.
Proof. It is enough to prove for R◦. If x,y ∈ R◦, there is a path P in Ω joining x,y, since
the open set Ω is connected. We can repair P into a path in R◦ in the following way.
Let c1, c2 be two points in the path P which are on the boundary of a black square QK
and the part ofP between them, namedP12, belong to the interior of QK . Denote by E1, E2,
the edges of QK on which c1, c2 are, respectively. The following 3 cases are possible for E1, E2.
Case I. If E1 = E2, we can easily repair P12 into the segment in R◦ between c1, c2.
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Case II. Let E1, E2 meet at a vertex V of QK . If V is an interior vertex, P12 can be
repaired into the 2 segments via V in R◦ as in Figure 4-(a). When V is a boundary vertex, by
Assumption 3.1, the other three vertices of QK are all interior vertices, since c1, c2 belong to
Ω. Thus, P12 can be done into the 4 segments in R◦ which do not pass V as in Figure 4-(b).
Case III. If E1, E2 are parallel, by Assumption 3.1, there are endpoints V1,V2 of E1, E2,
respectively, which are interior vertices such that the segment between them is an edge of QK .
Thus, P12 can be done into the 3 segments via V1,V2 in R◦ as in Figure 4-(c).
(a) E1 ∩ E2 is a vertex in Ω (b) E1 ∩E2 is a vertex on ∂Ω (c) E1 ∩ E2 = ∅
Figure 4: The path P12 in QK (dashed line) is repaired into a path in R◦ (bold line)
Let P ′0,h(Ω) be a subspace of P0,h(Ω) of piecewise constant functions such that
P ′0,h(Ω) = {qh ∈ P0,h(Ω) :
∫
R◦
qh dσ =
∫
K◦
qh dσ = 0}.
We note Vh is the kernel of the operator divh : [NCh0(Ω)]2 −→ P0,h(Ω). The range of divh is
exactly P ′0,h(Ω) in the following lemma.
Lemma 3.3.
divh
(
[NCh0(Ω)]2
)
= P ′0,h(Ω).
Proof. From (3), [NCh0(Ω)]2 is spanned by ψV[1, 0], ψV[0, 1] for all interior vertices V in Th.
By (14), we have
divhψ
V[1, 0], divhψ
V[0, 1] ∈ P ′0,h(Ω).
It means that
divh
(
[NCh0(Ω)]2
) ⊂ P ′0,h(Ω). (21)
If two red squares Qa, Qb meet at an interior vertex V, by (14), there is a function w ∈
[NCh0(Ω)]2 which is one of (h/2)ψV[±1,±1] such that
divhw(Qa) = 1, divhw(Qb) = −1, divhw(Q) = 0 for all other Q ∈ Th. (22)
Let’s fix one red square QR in Rh. If Q is a red square in Rh different to QR, by Lemma
3.2, there is a path P in R◦ joining two center points of Q and QR. Let P pass through a
sequence of N red squares {Qi}Ni=1 in order such that
Q1 = QR, QN = Q, Qi 6= Qi+1 for i = 1, 2, · · · , N − 1.
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For each i = 1, 2, · · · , N − 1, Qi ∩Qi+1 is an interior vertex, since P should pass there and it
dose not meet ∂Ω. Thus, as in (22), there is a function fi ∈ [NCh0(Ω)]2 such that
divhwi(Qi) = 1, divhwi(Qi+1) = −1, divhwi(Q) = 0 if Q 6= Qi, Qi+1.
Then, setting wh =
∑N−1
i=1 wi ∈ [NCh0(Ω)]2, we have
divhwh(Q1) = 1, divhwh(QN ) = −1, divhwh(Q) = 0 if Q 6= Q1, QN . (23)
Since these arguments can be repeated for the black squares in Kh, (23) means the range
of divh has at least N (Q)− 2 linear independent piecewise constant functions. It is combined
with (21) to complete the proof.
Now, we reach at the theorem for the dimension of Vh.
Theorem 3.4. The dimension of Vh is the number of interior squares in Th.
Proof. Since Vh is the kernel of divh , by (3) and Lemma 3.1 and 3.3, we have
dim(Vh) = dim([NCh0(Ω)]2)− dim
(
divh
(
[NCh0(Ω)]2
))
= 2N (Vi)− (N (Q)− 2) = #Ih.
3.2 Basis for Vh
For each square Q in Th, denote by Vrt(Q),Vlt(Q),Vlb(Q),Vrb(Q), respective vertices of Q
in the right top, left top, left bottom, right bottom corners of Q as depicted in Figure 5. Let
Qrt, Qlt, Qlb, Qrb be squares in Th whose closures intersect with Q at only Vrt(Q), Vlt(Q),
Vlb(Q), Vrb(Q), respectively. If Q ∈ Th is a boundary square, some of them are empty.
Figure 5: Name convention
For each interior square Q ∈ Ih, define a locally divergence-free function ΨQh ∈ Vh by
ΨQh = ψ
Vrt(Q)[
1
2
,−1
2
] + ψV
lt(Q)[
1
2
,
1
2
] + ψV
lb(Q)[−1
2
,
1
2
] + ψV
rb(Q)[−1
2
,−1
2
].
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The nontrivial values of ΨQh at the midpoints of edges in Th are depicted in Figure 6-(a). With
(14), (15), we can easily check that divhΨ
Q
h vanishes in all squares and
curlhΨ
Q
h =

−4/h in Q,
1/h in Qrt, Qlt, Qlb, Qrb,
0 in other squares,
(24)
as in Figure 6-(b).
(a) Nontrivial values of ΨQh at midpoints (b) Nontrivial values of curlhΨ
Q
h
Figure 6: Divergence-free ΨQh ∈ Vh centered at an interior square Q
Then, we are able to specify a basis for Vh in the following theorem.
Theorem 3.5. The set B = {ΨQh : Q is an interior square in Th} is a basis for Vh,
Proof. By Theorem 3.4, the linear independency of B completes the proof. If a linear combi-
nation of functions in B vanish, does its discrete curl, too. Thus, it is sufficient to prove that
the following set Fh is linearly independent,
Fh = {curlhΨQh : Q is an interior square in Th}.
For each square Q ∈ Th, we define a piecewise constant function fQ ∈ P0,h(Ω) by
fQ =

−4 in Q,
1 in Qrt, Qlt, Qlb, Qrb,
0 in other squares.
(25)
Let N be the number of all red squares in Rh which are numbered as Q1, Q2, · · · , QN . Re-
garding fQj as a column vector in RN for each j = 1, 2, · · · , N , we have an N ×N matrix MR
such that
MR = [fQ1 , fQ2 , · · · , fQN ].
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By the definition fQ in (25), all columns of MR are diagonally dominant and, if Qj is a
boundary square, the j-th column is strictly diagonally dominant. Furthermore, by Lemma
3.2, MR is irreducible, since MR(i, j) is nonzero whenever Qi, Qj intersect for i, j = 1, 2, · · · , N .
Thus by Taussky theorem, MR is invertible [11]. Then, since fQ is curlhΨ
Q
h in (24) multiplied
by h, the following set is linearly independent,
FRh = {curlhΨQh : Q is an interior red square in Th}.
Repeating same arguments for the black squares in Kh, we have the following FKh is also
linearly independent,
FKh = {curlhΨQh : Q is an interior black square in Th}.
For a red square Q and a black one Q′, the supports of curlhΨ
Q
h and curlhΨ
Q′
h do not intersect.
Therefore, we conclude that Fh = F
R
h ∪FKh is linearly independent.
The basis for Vh in Theorem 3.5 plays an important role in error analysis of the conforming
Q1,h(Ω)− P0,h(Ω) with the dimension of Vh in Theorem 3.4 [16].
4 Application for incompressible Stokes problems
Let (u, p) ∈ [H10 (Ω)]2 × L20(Ω) be the solution of the variational form of an incompressible
Stokes equation:
(∇u,∇v)− (p,divv) + (q,divu) = (f ,v), ∀(v, q) ∈ [H10 (Ω)]2 × L20(Ω),
for a source function f ∈ [L2(Ω)]2.
For the finite element solution, let (uh, ph) ∈ [NCh0(Ω)]2 × P ′0,h(Ω) satisfies that
(∇uh,∇vh)− (ph, divvh) + (qh, divuh) = (f ,vh), ∀(vh, qh) ∈ [NCh0(Ω)]2 × P ′0,h(Ω). (26)
If u ∈ [H2(Ω)]2, p ∈ H1(Ω), the following error estimate holds
|u− uh|1,h + ‖p− ph‖0 ≤ CΩh(|u|2 + |p|1), (27)
since [NCh0(Ω)]2 × P ′0,h(Ω) satisfies the inf-sup condition [13].
In an alternate way to get (uh, ph) ∈ [NCh0(Ω)]2 ×P ′0,h(Ω) in (26), we can solve an elliptic
problem for velocity and apply an explicit method for pressure as in next two subsections.
4.1 Elliptic problem for velocity
The discrete velocity uh in (26) satisfies that
(qh,divuh) = 0, for all qh ∈ P ′0,h(Ω).
Since there exists qh ∈ P ′0,h(Ω) such that qh = divuh from (14), we have
uh ∈ Vh,
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for the locally divergence-free finite element space Vh in (13). Thus, to get uh in (26), we can
solve the following elliptic problem for velocity:
(∇uh,∇vh) = (f ,vh), ∀vh ∈ Vh, (28)
which smaller than the problem (26).
We note, since the norm is decomposed in Lemma 2.2, so is the inner product as
(∇vh,∇wh) = (divhvh, divhwh) + (curlhvh, curlhwh), ∀vh,wh ∈ [NCh0(Ω)]2.
The above means
(∇vh,∇wh) = (curlhvh, curlhwh), ∀vh,wh ∈ Vh.
Thus, the problem (28) is equivalent to
(curlhuh, curlhvh) = (f ,vh), ∀vh ∈ Vh. (29)
Suggested in Theorem 3.5, a basis B for Vh consists of ΨQh for all interior square Q ∈ Th.
For an interior square Q, although the support of the basis function ΨQh in Vh consists of 9
squares, that of curlhΨ
Q
h is 5 squares as in Figure 6. If we assume h = 1 for simplicity, as in
Figure 7, 8, 9, 10, we have
(∇ΨQh ,∇ΨQ
′
h ) =

20 if Q = Q′,
2 if supports of ∇ΨQh ,∇ΨQ
′
h meet at 3 squares,
−8 if supports of ∇ΨQh ,∇ΨQ
′
h meet at 4 squares,
1 if supports of ∇ΨQh ,∇ΨQ
′
h meet at 1 square.
Besides, if Q is a red square, the support of curlhΨ
Q
h lies in 5 red squares, and vice versa
Figure 7: Inner product (∇ΨQh ,∇ΨQh ) when h = 1
for a black square. Thus, their supports do not meet each other as in Figure 11. It means the
following lemma.
Lemma 4.1. For each interior red square QR and black square QK ,
(∇ΨQRh ,∇ΨQKh ) = 0.
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Figure 8: Inner product of ∇ΨQh ,∇ΨQ
′
h when their supports meet at 3 squares
Figure 9: Inner product of ∇ΨQh ,∇ΨQ
′
h when their supports meet at 4 squares
As a result, when we implement the finite element method to solve (28) with the basis
B for Vh, the inner products (∇ΨQh ,∇ΨQ
′
h ) vanish except at most 13 Q
′ for a fixed interior
square Q ∈ Th, as in Figure 12. Thus the sparsity of the system of linear equations is not as
large as expected from the support of ΨQh .
Furthermore, by Lemma 4.1, the system of linear equations to solve (28) with the basis B
for Vh can be split into two smaller ones with the following BR,BK for red and black squares,
respectively,
BR = {ΨQh : Q is an interior red square in Th},
BK = {ΨQh : Q is an interior black square in Th}.
(30)
P1-nonconforming finite elements extend to a general polygonal domain on triangulations
into squares and triangles [1]. Based on the proposed method, we can develop a method to
solve velocity first for Stokes problems on those mixed meshes.
4.2 Explicit method for pressure recovery
We will find the discrete pressure ph ∈ P ′0,h(Ω) in (26) by an explicit method using the a priori
obtained discrete velocity uh ∈ Vh in (26) through the elliptic problem (28).
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Figure 10: Inner product of ∇ΨQh ,∇ΨQ
′
h when their supports meet at 1 square
Figure 11: curlhΨ
Q
h for red square Q, curlhΨ
Q′
h for black square Q
′ : They do not meet.
Let’s consider the problem (P): Find ah ∈ P ′0,h(Ω) such that
(ah,divhvh) = (∇uh,∇vh)− (f ,vh), ∀vh ∈ [NCh0(Ω)]2.
By Lemma 3.3, ph ∈ P ′0,h(Ω) in (26) is the unique solution of the problem (P).
Define two checkerboard functions χR, χK ∈ P0,h(Ω) by
χR(Q) =
{
1, if Q is a red square,
0, if Q is a black square,
χK(Q) =
{
0, if Q is a red square,
1, if Q is a black square.
We have, for all vh ∈ [NCh0(Ω)]2,
(χR, divhvh) = (χK ,divhvh) = (χR, χK) = 0. (31)
Let’s fix a red square QR, a black one QK and define pˆh ∈ P0,h(Ω) by
pˆh = ph − CRχR − CkχK ,
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Figure 12: 13 nonzero (∇ΨQh ,∇ΨQ
′
h ) for fixed Q
for two constants CR = ph(QR), CK = ph(QK). Then, by (31), pˆh ∈ P0,h(Ω) satisfies
(pˆh,divhvh) = (∇uh,∇vh)− (f ,vh), ∀vh ∈ [NCh0(Ω)]2,
pˆh(QR) = pˆh(QK) = 0.
(32)
We will find pˆh satisfying (32) by an explicit method. If other red square Q
′
R meets with
QR at an interior vertex, there is a function vh ∈ [NCh0(Ω)]2 as in (22) such that
divhvh(Q
′
R) = 1, divhvh(QR) = −1, divhvh(Q) = 0 for all other Q ∈ Th. (33)
Then, from (32) and (33), pˆh at Q
′
R is determined by∫
Q′R
pˆh dσ =
∫
QR
pˆh dσ + (∇uh,∇vh)− (f ,vh).
In this manner, we can find pˆh at all red squares by an explicit telescoping methods using such
simple divhvh as in (33), since all red ones are connected through interior vertices as in the
proof of Theorem 3.4. Applying the same telescoping methods for the black squares, we get a
piecewise constant function pˆh ∈ P0,h(Ω) satisfying (32).
Then, we can obtain the unique solution ph ∈ P ′0,h(Ω) of the problem (P) so that
ph = pˆh −DRχR −DKχK ,
where DR and DK are constants such that
DR =
(pˆh, χR)
(χR, χR)
, DK =
(pˆh, χK)
(χK , χK)
.
5 Numerical results
We chose the velocity u and pressure p on Ω = [0, 1]2 for numerical tests, as
u = (φy,−φx), p = sin(4pix)epiy,
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where φ is the stream function such that
φ(x, y) = sin(2pix) sin(3piy)(x3 − x)(y2 − y).
The discrete velocity uh is the sum of two solutions of the problems (29) in Vh with two
separable bases BR and BK in (30) for red and black squares, respectively.
The cardinalities of BR and BK are same and much smaller than the dimension of the
entire space [NCh0(Ω)]2 ×P ′0,h(Ω) as in Table 1. Each system of linear equations with BR and
BK was solved by a direct method based on the Cholesky decomposition.
The condition numbers of the elliptic problem (29) in ‖ · ‖∞ norm increase with the order
of O(h−4) listed in Table 2 as well as those of the saddle point problem (26). The structures of
non-zero entries in the concerning matrices are depicted in Figure 13 over 16× 16 mesh with
the lexicographical basis numbering.
After solving uh, we obtained the discrete pressure ph by the explicit method suggested
in subsection 4.2. The numerical results in Table 3 show the optimal order of error decay
expected in (27).
mesh dim(Span BR) = dim(Span BK) dim
(
[NCh0(Ω)]2 × P ′0,h(Ω)
)
8 x 8 18 160
16 x 16 98 704
32 x 32 450 2,944
64 x 64 1,922 12,032
128 x 128 7,938 48,640
256 x 256 32,258 195,584
512 x 512 130,050 784,384
1024 x 1024 522,242 3,141,632
Table 1: Dimensions of Span BR,Span BK and [NCh0(Ω)]2 × P ′0,h(Ω)
References
[1] R. Altmann and C. Carstensen, P1-nonconforming finite elements on triangulations into
triangles and quadrilaterals, SIAM J. Numer. Anal., 50 (2012), 418-438
mesh
elliptic problem (29) saddle point problem (26)
with Span BR with [NCh0(Ω)]2 × P ′0,h(Ω)
condition number order condition number order
8 x 8 8.3345E+1 1.4573E+5
16 x 16 1.3284E+3 15.93 2.3375E+6 16.03
32 x 32 2.1235E+4 15.98 3.7251E+7 15.93
64 x 64 3.3968E+5 15.99 5.9424E+8 15.95
128 x 128 5.4346E+6 15.99 9.4913E+9 15.97
Table 2: condition numbers in ‖ · ‖∞ norm
P1-nonconforming divergence-free method 17
(a) Elliptic problem whose rank is 98 (b) Saddle point problem whose rank is 704
Figure 13: Structures of non-zero entries in the concerning matrices over 16× 16 mesh
mesh
‖u− uh‖0 |u− uh|1,h ‖p− ph‖0
value order value order value order
8 x 8 5.6091E-2 2.1164E+0 2.9913E+0
16 x 16 1.3451E-2 2.0601 1.0774E+0 0.9740 1.5145E+0 0.9819
32 x 32 3.3342E-3 2.0123 5.4115E-1 0.9935 7.6081E-1 0.9933
64 x 64 8.3187E-4 2.0029 2.7088E-1 0.9984 3.8088E-1 0.9982
128 x 128 2.0786E-4 2.0007 1.3548E-1 0.9996 1.9050E-1 0.9995
256 x 256 5.1959E-5 2.0002 6.7743E-2 0.9999 9.5257E-2 0.9999
512 x 512 1.2990E-5 2.0000 3.3872E-2 1.0000 4.7630E-2 1.0000
1024 x 1024 3.2497E-6 1.9990 1.6936E-2 1.0000 2.3815E-2 1.0000
Table 3: Error table for the divergence-free method
[2] T. M. Austin, T. A. Manteuffel and S. McCormick, A robust multilevel approach for min-
imizing H(div)-dominated functionals in an H1-conforming finite element space, Numer.
Linear Algebra Appl., 11 (2004), 115 - 140
[3] S. Brenner, F. Li and L. Sung, A locally divergence-free nonconforming finite element
method for the reduced time-harmonic Maxwell equations, Math. Comp., 76 (2007), 573-
595
[4] F. Brezzi and M. Fortin, Mixed and hybrid finite element methods, Springer-Verlag, New
York, 1991
[5] A. Buffa, C. de Falco and G. Sangalli, IsoGeometric Analysis: stable elements for the 2D
Stokes equation, Internat. J. Numer. Methods Fluids, 65 (2011), 1407 - 1422
[6] B. Cockburn, F. Li and C. Shu, Locally divergence-free discontinuous Galerkin methods
for the Maxwell equations, J. Comput. Phys., 194 (2004), 588-610
[7] B. Cockburn, G. Kanschat and D. Scho¨tzau, A note on discontinuous Galerkin divergence-
free solutions of the Navier-Stokes equations, J. Sci. Comput., 31 (2007), 61-73
18 C. Park
[8] J. A. Evans and T. J. R. Hughes, Isogeometric divergence-conforming B-splines for the
steady Navier-Stokes equations, Math. Models Methods Appl. Sci., 23 (2013), 1421 - 1478
[9] V. Girault and P. A. Raviart, Finite element methods for the Navier-Stokes equations:
Theory and Algorithms, Springer-Verlag, New York, 1986
[10] F. Hecht, Construction d’une base de fonctions P1 non conforme a´ divergence nulle dans
R3, RAIRO Anal. Nume´r., 15 (1981), 119-150
[11] R. Horn and C. Johnson, Matrix analysis, Cambridge University Press, New York, 1985
[12] Y. Huang and S. Zhang, A lowest order divergence-free finite element on rectangular grids,
Front. Math. China, 6 (2011), 253-270
[13] S. Kim, J. Yim and D. Sheen, Stable cheapest nonconforming finite elements for the
Stokes equations, J. Comp. Appl. Math., 299 (2016), 2-14, doi:10.1016/j.cam.2015.06.021
[14] C. Park, A Study on Locking phenomena in finite element methods, Ph.D. thesis, De-
partment of mathematics, Seoul National University, Seoul, Korea, 2002
[15] C. Park and D. Sheen, P1-nonconforming quadrilateral finite element methods for second-
order elliptic problems, SIAM J. Numer. Anal., 41 (2003), 624-640
[16] C. Park, Error analysis of Q1 − P0 for Stokes equations, in preparation
[17] O. Pironneau, Finite element methods for fluids, Wiley, Chichester, 1989
[18] M. Powell and M. Sabin, Piecewise quadratic approximations on triangles, ACM Trans.
Math. Software, 3 (1977), 316-325
[19] S. K. Stein, Mathematics: The Man-Made Universe, Dover Publications, New York, 1999
[20] F. Thomasset, Implementation of Finite Element Methods for Navier-Stokes Equations,
Springer-Verlag, New York-Berlin, 1981
[21] C. A. Hall and X. Ye, Construction of null bases for the divergence operator associated
with incompressible Navier-Stokes equations, Linear Algebra and its Applications, 171
(1992), 9-52
[22] X. Ye and C. A. Hall, Discrete divergence-free basis for finite element methods, Numerical
Algorithms, 16 (1997), 365-380
[23] S. Zhang, A family of Qk+1,k×Qk,k+1 divergence-free finite elements on rectangular grids,
SIAM J. Numer. Anal., 47 (2009), 2090-2107
